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Abstract
Melanoma is one of the most fatal skin cancers; for this reason, there is a need
for the development of new safe, non-invasive and efficient diagnostic techniques.
Dynamic thermography is showing to be a promising technique for the early detec-
tion of skin cancers. Therefore, this paper investigates two different inverse bioheat
problems using steady-state and transient skin temperature measurements. Both
problems are investigated numerically to estimate how accurate blood perfusion
rate, metabolic heat generation, diameter and thickness of the tumour can be esti-
mated simultaneously under exact and noisy measurement data, based on a com-
plex numerical model describing multilayer tissue. The inverse problems have been
tested using different melanoma size, Clark II and Clark IV. The Design of Exper-
iments (DOE) technique has been used to solve and analyse the inverse problems.
A substantial number of numerical model evaluations, totalling 2, 306, 486 simula-
tions, had to be undertaken as part of the full factorial DOE. The results show that
it is always possible to obtain tumour parameters using exact static or dynamic
measurement data. However, for noisy temperature data, the use of a dynamic ap-
proach showed an advantage over the steady-state one, which failed because of the
very small temperature differences between the healthy skin and the tumour. The
dynamic thermography can retrieve blood perfusion rate, thickness and diameter of
the tumour as well as the metabolic heat generation despite the low sensitivity for
low and high levels of measurement error; however, to detect melanoma lesions at
an early stage, the measurement and model errors should be kept as low as possible.
Keywords: bio-heat, melanoma, inverse problem, DOE, response surface, steady-
state, transient, thermography.
1 Introduction
Skin cancer can be generally categorized into melanoma and non-melanoma, and further
divided into pigmented and non-pigmented lesions. Among all types of skin cancer,
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melanoma is the most fatal because it metastases rapidly and can spread to soft tissues
like lung and liver [1]. According to Clark et el. [2] and Breslow [3], the survival rate
of patients with malignant melanoma is directly correlated with its thickness or level
of invasion. The deeper the invasion, the lower the survival rate. For this reason, it is
important to detect skin cancer in its early stage and it is essential to develop accurate
and sensitive diagnostic techniques in order to enable early detection and diagnosis.
Nowadays the most frequently used diagnostic technique is visual inspection based
on the ABCDE (Asymmetry, Border, Colour, Diameter, Evolution) criteria and der-
matoscopes. As it is known, the ABCDE criteria uses only qualitative guidelines for
melanoma identification and can therefore produces high rates of false positives or false
negative identification. To avoid the risk of missing an early stage melanoma, exci-
sional biopsies are performed for further pathological investigation [4–7]. Therefore, new
techniques for skin cancer detection are being developed like digital photography, mul-
tispectral imaging systems, confocal scanning laser microscopy (CSLM), laser Doppler
perfusion imaging (LDPI) optical coherence tomography (OCT), ultrasound and mag-
netic resonance imaging (MRI) [8–16]. Usually, they are a compromise between certain
aspects like effectiveness, accuracy, cost and invasiveness.
Thermography or thermal tomography is offering a new non-invasive diagnostic tech-
nique for medicine in different fields, based on the bioheat transfer of the observed tissue.
This is nowadays possible due to the development of infrared (IR) thermal cameras, com-
puters and numerical modeling. Bioheat transfer is mainly governed by blood perfusion
and metabolic heat generation, which affect the temperature difference between the nor-
mal and abnormal tissues. There have been many studies of thermography in the field
of breast cancer, skin cancer, vascular diseases, thyroid gland disease, eye diseases as
well as therapeutic assessment [17–30]. Thermography can be done passively (static) or
actively (dynamic). Static thermography involves recording the skin temperature under
steady-state conditions, which is time consuming because the patient has to acclimatise
to the environment in the temperature controlled room [31]. On the other hand, active
thermography involves introducing external thermo-stimulation like heating or cooling
to induce thermal contrast between the healthy and investigated tissue. Thermal con-
trast is the effect of different thermal and physiological properties of tissues. Based on
the thermography measurement data a mathematical or numerical model can then pro-
vide some information about the tissue state under investigation. The general advantage
of dynamic thermography is that it is faster than the static one and can reveal more
information about the tissue or tumour under investigation [19,20,22,26,30,32].
In order to estimate the physiological parameters of the tumour, its size and po-
sition, based on static or dynamic thermo-graphic measurements, we have to solve an
inverse bioheat problem based on the appropriate numerical model of the correspond-
ing system. In this paper, we focus on the detection of melanoma lesion based only
on the skin surface temperature measurements; however, the numerical techniques could
be generally applied to other similar applications like breast tumour detection.Most re-
search work to determine the tumour characteristics in general are based on steady-state
temperature measurements (static thermography) for 2D and 3D using evolutionary algo-
rithms [33–37]. They show that if the thermal properties, blood perfusion and metabolic
heat generation of the tumour and surrounding tissue are predetermined, the size and
location of the tumour can be found fairly successfully even for noisy measurement data.
For the case of skin tumour identification, Luna et al. [36] tried to estimate the size of the
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tumour and its blood perfusion rate for steady-state surface temperature measurements
using a simulated annealing (SA) algorithm. The results are promising even with noisy
measurement data for the case of two searched parameters, diameter and blood perfusion
of the tumour or thickness and blood perfusion.
All the previous papers used simplified computational domains containing only two
regions, healthy tissue and tumour or lesion. More complex numerical models using
multilayer tissue structures have been developed by Hossain et al. [38], Bhowmik and
Repaka [39] and Hatwar and Herman [30]. Most interesting is the work of Bhowmik
and Repaka [39], who tried to identify several skin tumour parameters based on steady-
state skin surface temperature measurements considering a 3D multilayer tissue. Their
models used genetic algorithm (GA) and SA to compare the two different approaches.
The results show that the solution of inverse problems is strongly dependent on the
value of other parameters, which is not desirable for new diagnostic techniques. The
recent work of Hatwar and Herman [30] presents the estimation of tumour radius, depth
and blood perfusion rate of breast tumours based on a 2D numerical model including
multilayer tissue, using commercially available software and the Levenberg-Marquardt
optimization algorithm. Under steady-state temperature measurement, they were able
to detect tumour dimension and depth and they demonstrate numerically that the blood
perfusion rate cannot be simultaneously detected. For that, transient surface temperature
measurements are needed, where they took only transient measurements at the middle
surface point. Herein, a better reconstruction of parameters is achieved using greater
surface and time temperature measurement resolution also for deeper tumour locations.
Although breast cancer parameter estimation is not the topic of this paper, there are
similarities between our numerical techniques and those of [30].
This paper analyzes two different inverse bioheat problems of estimating several skin
tumour parameters based on skin surface temperature measurements. The first inverse
problem deals with steady-state temperature measurements (static thermography), while
the second uses transient measurements (dynamic thermography) as proposed by Çetingül
and Herman [26]. The number of parameters to be determined is four: diameter, thick-
ness, blood perfusion rate and metabolic heat generation of the melanoma, from which
the thickness and blood perfusion are the most important factors in reflecting the stage
and progression of the skin tumour. The numerical model to estimate these parameters
is based on the work of Çetingül and Herman [26], Bhowmik and Repaka [39] and Cheng
and Herman [32] using a 2D computational domain and considering a multilayer tissue
structure that better reflects the real problem.
The non-linear numerical model for solution of the direct problem is based on a sub-
domain Boundary Element Method (BEM) solver presented in our previous paper [40],
where it is shown that it can solve direct bioheat problems accurately and efficiently,
which is desirable when solving inverse problems. The optimisation technique for solving
inverse bioheat problems presented in this paper is the full factorial Design of Experiments
(DOE) not using the surrogate model (SM). The reason for choosing the full factorial DOE
is that it is possible to explore the complete design space, and to analyse and compare
the differences between static and dynamic thermography. The DOE allows to plot the
objective function (response surface) and to estimate the sensitivity of each parameter,
which helps in analysing which parameters can be estimated easily and which parameters
cannot be estimated at all. The DOE for both inverse problems required 2, 306, 486
evaluations of the numerical model, which is substantial, time consuming and impractical
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for clinical implementation. However, it is valuable in this stage of investigation due to the
design space and problem exploration, which could not be done using other algorithms.
The paper shows inverse problem analyses for steady-state and transient measurement
approaches based on two melanoma sizes (Clark II and Clark IV) under exact as well as
noisy measurement data.
The novelty of this paper can be found in the solution of steady-state and transient
inverse bioheat problems to estimate four important skin tumour parameters using com-
plex numerical models. Another novelty is the use of DOE for solving inverse problems,
obtaining the solution, analysis of the design space and comparison of both problems
under exact and noisy measurement data.
The paper is organized as follows. Section 2 presents the numerical model used for
solving direct bioheat problems, together with the two numerical examples under inves-
tigation. Section 3 describes and discusses the steady-state and transient inverse bioheat
problems, the evaluation of the objective function and the DOE approach. Section 4 dis-
cusses the results obtained for both inverse problems under exact and noisy measurement
data, together with a detailed discussion of the inverse problem results. Finally, Section
5 presents the conclusions of the work with its most important results.
2 Numerical model
To investigate the inverse problem of estimating the size and material properties of skin
tumour based on the skin surface temperature, we need to define the numerical model, as
well as numerical examples upon which the inverse analysis will be done. The numerical
model is based on the work of Bhowmik et al. [39, 41], Çetingül and Herman [26] and
Cheng and Herman [32] that treated the bioheat transfer problem in skin considering
epidermis, papillary dermis, reticular dermis, fat and muscle tissue, where the tumour
has been placed inside the papillary dermis. Therefore, the numerical model can describe
heat transfer in skin containing a tumour more accurately than the simplified models
considering only the lesion and uniform surrounding tissue.
Although different layers of tissue will be considered in the numerical model, there
is still some room for improvement to describe thermal and pathological behaviour of
the skin, malignant melanoma lesion and surrounding tissue together with some response
mechanisms more realistically, especially for the cooling-rewarming process. We could
include more realistic behaviour by adding the inflammation of tissue around the tumour
blending the tumour boundary, temperature response of the skin (skin contraction under
cooling), blood flow and water content in tissue which affects the thermal properties like
tissue heat storage capacity, as well as pathological changes of the tumour in advanced
stages. These mechanisms are known, however, for being very difficult to model because
of the lack of accurate mathematical models due to difficult validation. Therefore, for this
investigation, the numerical model will be based on Pennes bioheat equation with constant
material properties, that will make the model simpler and also the analysis comparing
different tumour sizes and the difference between the steady-state and transient inverse
problems easier. In this section, we will describe the governing equation for bioheat
transfer and the numerical examples used in solving inverse problems.
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2.1 Bioheat transfer equation
To describe heat transfer in biological tissue, the Pennes model [42] has been used due to
its simplicity and acceptance by many researchers in this field. The governing equation








+ ωbρbcp,b (Ta − T ) + qm, (1)
where T represents tissue temperature, ρ, λ and cp the effective tissue density, thermal
conductivity and specific heat, respectively, ωb is blood perfusion rate, ρb density of the
blood, cp,b is specific heat of the blood, Ta represents arterial blood temperature, t time
and qm metabolic heat source. The governing equation is a parabolic partial differential
equation, where the term on the left side represents heat storage, while the terms on
the right side represent heat diffusion and two heat sources due to blood perfusion and
cell metabolism. Blood perfusion represents the volumetric blood flow rate through the
capillary network and small arterioles per tissue volume and is therefore, non-directional.
The assumption here is that the whole heat transfer between the arterial blood flow and
surrounding tissue happens on the capillary level due to the large interface surface. As can
be seen, the perfusion heat source term depends on the tissue temperature and therefore
acts also like a heat sink, depending on the temperature difference between the tissue
and the arterial blood. For this reason, the blood flow through the tissue can warm up
or cool down the tissue. This term has also the highest effect on bioheat transfer because
of its magnitude, while the magnitude of the heat source due to the cell metabolism is
lower.
Carcinogenic tissue is well known to have a much greater blood perfusion due to oxy-
gen and nutrition demand than normal tissue and therefore, the magnitude of perfusion
heat generation is also larger, which is reflected in the higher tissue temperature. In
arteriosclerosis or other arterial or capillary lesion where the blood perfusion is lowered,
this can be manifested in lower temperature of the affected tissue. For this reason, we can
connect tissue temperature with tissue physiology and improve the diagnostic procedure
for lesions, which is the aim of this paper.
It is also known that blood perfusion is temperature dependent, because of the dilata-
tion and contraction temperature reaction of the vessels. However, due to the lack of an
exact temperature reaction model, as previously mentioned, the blood perfusion in this
paper will be treated as constant. The arterial blood temperature will also be treated
as constant and equal to the body core temperature, which is acceptable for the resting
position of the person during the diagnostic procedure.
The numerical model in this paper will contain several different layers of tissue, con-
sidering constant material properties for each layer. Therefore, equation (1) has to be
considered for each layer separately and connected together by compatibility and equilib-
rium conditions at the interface. With known boundary and initial conditions, a direct
bioheat problem can be solved. The result from solving direct bioheat problems is the
temperature distribution for the whole computational domain. For solving inverse prob-
lems, we will need only the response temperature at the skin surface.
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2.2 Direct bioheat problem examples
As stated, this paper covers the solution and analysis of two inverse problems to estimate
the melanoma size and its physiological parameters. The first one is based on the steady-
state measurement of the skin surface temperature, while the second uses transient skin
surface temperature measurements during a cooling-rewarming process as described by
Çetingül and Herman [26]. Therefore, we have to solve two different direct bioheat prob-
lems to obtain the skin surface temperature under steady-state and transient conditions.
In the steady-state case the temperature is independent of time and for this reason the
time derivative in equation (1) vanishes.
The analysis of both inverse problems will be done on two different melanoma sizes,
Clark II and Clark IV. Therefore, we will be able to compare how the stage of melanoma
affects the diagnostic procedure or the success of parameter estimation. Clark et al. [2]
proposed a classification of melanoma into five levels, depending on their thickness or
penetration depth. Clark II level tumour penetrates into the papillary dermis, while
Clark IV penetrates into the reticular dermis. Regardless of the tumour thickness, its
diameter can vary. However, the probability that the Clark IV melanoma has a larger
diameter is higher [41,43].
Both direct problems were treated as 2D, considering epidermis, tumour (melanoma),
papillary dermis, reticular dermis, fat and muscle tissue. The computational domain for
Clark II and Clark IV melanoma can be seen in figure 1, where the melanoma lesion is
always placed in the center of the domain. The thickness of each layer and melanoma
size are gathered in table 1, together with the material properties. The thickness and
diameter were chosen based on the literature review and the metabolic heat generation
for the tumour has been rounded from 3680W/m3 to 3700W/m3. The material properties
for each tissue vary and were not exactly determined, as stated in the work of Çetingül
and Herman [43]. Çetingül and Herman [26, 43] and other authors [32, 41] upon which









Figure 1: Multilayer computational domain: a) Clark II and b) Clark IV melanoma.
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Material ∆x[mm] ∆y[mm] ρ[kg/m3] cp[J/kgk] k[W/mK] ωb[1/s] qm[W/m
3]
Epidermis 12 0.1 1200 3589 0.235 0.0 0.0
Papillary dermis 12 0.7 1200 3300 0.445 0.0002 368.1
Reticular dermis 12 0.8 1200 3300 0.445 0.0013 368.1
Fat 12 2.0 1000 2674 0.185 0.0001 368.3
Muscle 12 8.0 1085 3800 0.510 0.0027 684.2
Tumour - Cl. II 1.8 0.45 1030 3852 0.558 0.0063 3700
Tumour - Cl. IV 2.6 1.35 1030 3852 0.558 0.0063 3700
Blood – – 1060 3770 – – –
Table 1: Material properties with tissue dimensions [26,32,41].
The arterial blood temperature is usually treated as equal to the body core tem-
perature, between 36.5 − 37.5◦C. Therefore, in this paper we are assuming a constant
arterial blood temperature of Ta = 37.0
◦C for the steady-state, as well as the transient
cooling-rewarming problem.
To solve the direct bioheat problem we also have to prescribe boundary conditions. For
both problems, we prescribe Neumann boundary conditions on the left and right sides of
the computational domain; q = 0W/m2, while on the bottom side the Dirichlet condition
equal to the body core temperature T = Ta = 37.0
◦C. For the steady-state problem
a constant Robin boundary condition has been applied at the skin surface, taking into
account natural convection, evaporation and thermal radiation; α = 10W/m2K, T∞ =
22.4◦C. For the simulation of the cooling-rewarming process, the boundary condition
changes through time. During the first minute of the process the Dirichlet boundary
condition is prescribed; T = 13◦C, while for the rest of the simulation the already given
Robin boundary condition is assigned. During the first period we are simulating the
cooling process of the skin tissue, while after the first minute the skin is exposed to
the environment and the rewarming process occurs. The rewarming period takes a long
time to reach the steady-state condition, however, we simulated only ten minutes of
it to capture the most rapid change in the skin temperature. After ten minutes, the
temperature change is small. Therefore, the total simulation time for transient problems
has been 11min. The boundary conditions have been taken from the work of Çetingül
and Herman [26].
For a steady-state problem we do not need to prescribed any initial conditions, while
for the cooling-rewarming process the solution from a steady-state simulation has been
given as the initial condition.
The steady-state and transient bioheat problems for Clark II and Clark IV melanoma
has been solved to obtain the temperature response at the skin surface, which has been
treated as a measurement data for the inverse problems. To mimic real measurement
data we add a white noise to the temperature response as
Tm,k,p = Ts,k,p + ∆Tm · r, (2)
where r represents a random number; r ∈ [−1, 1], ∆Tm is temperature deviation or noise,
index s stands for simulated temperature, m for measurement temperature and k and p for
time and location of the measurement, respectively. Luna et al. considered a temperature
deviation of 60mK [35] and 50mK [36], while Bhowmik and Repaka considered three
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different levels; 10mK, 50mK and 100mK [39]. Hatwar and Herman [30] used a random
noise of 10mK, which is very low and difficult to obtain in practice. Çetingül and
Herman stated that their equipment has a resolution of 25mK [43], which is possible to
obtain using laboratory equipment. Modern IR cameras can obtain the NETD (Noise
Equivalent Temperature Difference) value of less than 30mK. Thus, we investigate both
inverse problems under three different noise levels; 0mK, 25mK and 50mK. The first
one represents exact measurement data, while the last two represent low and high level
of noise. In the last two cases, the measurement data do not follow the numerical model
anymore.
2.3 Solver
For solving the direct bioheat problems we used a numerical solver based on the sub-
domain Boundary Element Method (BEM) and mixed elements. Quadratic interpolation
elements were used for the temperature, while constant interpolation elements were used
for the normal derivative. The elliptic fundamental solution is used for the steady-state
problem, while for the transient one a parabolic fundamental solution is used to speed-up
the computational time. The speed-up is also made by implementing the sub-domain
approach, comparing to the classical BEM approach. The computational time, especially
for transient problems, has been drastically reduced as described in our previous paper
[40]. The developed solver is fast with high accuracy, which is needed for solving inverse
problems. As the aim of this paper is to analyze two different inverse bioheat problems,
a detailed description of the solver can be find in [40] and is, therefore, omitted here.
3 Inverse problems
Çetingül and Herman [26] proposed the cooling-rewarming technique for pigmented lesion
to identify if they are malignant by recording the temperature response with an IR
camera. The mechanism behind this process is that a malignant pigmented lesion will
warm up much quicker than the surrounding healthy tissue, and we can observe the
temperature difference with an IR camera more easily. The steady-state temperature
difference can be too small to identify malignant melanomas, especially at an early stage.
The idea behind this paper is to identify several parameters of malignant melanoma
lesions based on the skin surface temperature response, and to compare the success of pa-
rameter estimation between the steady-state temperature measurement (static thermog-
raphy) and transient cooling-rewarming measurement (dynamic thermography). There-
fore, we solve two different inverse problems. The parameters that we will try to identify
are diameter, thickness, blood perfusion rate and metabolic heat generation of the tu-
mour. The inverse problems of parameter estimation have been solved numerically, using
an optimization approach by defining the objective function, which represents the dif-
ference between the temperature measurement and the temperature response from the
direct numerical model. Most authors in this field used stochastic optimization algo-
rithms such as Genetic Algorithms (GA) and Simulated Annealing (SA) [33–36, 39] to
solve their optimization problems, however in this paper the full factorial DOE is used
not only to solve the inverse problems but also to analyse the design space, obtain the
parameter sensitivity and model response, as well as to compare the static and dynamic
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thermography performance.
The solution of the optimization problem is represented by the value of parameters
when the objective function is at a minimum. Some optimization problems have more
than one global minimum, which is undesirable for inverse problems as this means that
the solution is non-unique. For both inverse problems treated in this paper, we could
not find the mathematical background to prove the solution uniqueness, which boundary
conditions are needed or some other constraints to render a unique solution.
Therefore, this paper analyzes how the type of temperature measurement and stage
of malignant melanoma affect the estimation of important tumour parameters. This is
done for exact as well as noisy measurement data that has been numerically obtained.
The reason to investigate the inverse problem on simulated measurement data is because
the exact value of parameters that should be obtained are known. It should also be
stated here that under noisy measurement data, there is no unique solution of the inverse
problem because the measurement data do not follow the numerical model anymore. In
the case of one global minimum or unique solution under exact measurement data, it
is hoped that the deviation of the estimated parameters is not too large under noisy
measurement data.
3.1 Objective function
As stated, the inverse bioheat problems are transformed to optimization problems by
defining the objective function, which represents the difference between the measurement
and response obtained from solving the direct problem for given values of parameters.
For both inverse problems in this paper, the objective function can be written as







(Ts,k,p − Tm,k,p)2 , (3)
where F (·) represents the value of the objective function, d the diameter of the tumour,
h its thickness, ωb the blood perfusion of the tumour, qm the metabolic heat generation of
the tumour, Ts stands for the simulated skin surface temperature, Tm the measurement,
index k and p the time position and location of the temperature measurement or model
response, respectively, and nt and np the number of time and locational measurements
or observations, respectively.
We compare the skin temperature response with measurements of np = 30 equidistant
points along the skin surface. For the steady-state case the number of time measurements
is one, therefore nt = 1, while for the cooling-rewarming case time observations were
taken each second for the rewarming period, which means nt = 600 time observations.
Therefore, the number of data comparisons for the steady-state case is 30, while for the
transient case it is 18.000, which will lead to different values of the objective function.
The steady-state skin temperature measurement that has been taken for inverse problem
analysis can be seen in figure 2 for both melanomas, while figures 3 and 4 show the skin
surface temperature response to the cooling-rewarming test. As can be observed from
steady-state skin temperature, the temperature difference between the center of tumour
and health skin is smaller for Clark II compared to the Clark IV size, and also that
the temperature difference is in the range of 0.03− 0.07K, which is hard to detect or to
measure. The results for the cooling-rewarming test show that the temperature difference
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is much greater during the beginning of the rewarming stage, even for the Clark II size
(0.25K). Here, we can observe the advantage of the cooling-rewarming test, because it is
possible to identify small malignant melanoma in its early stage using IR cameras fairly
easily. Figures 2, 3 and 4 represent the exact as well as noisy temperature measurements
for Clark II and Clark IV melanoma. It can be observed that the measurement noise
under steady-state condition is almost comparable to the temperature difference between
tumour and healthy tissue, while for the transient measurement it does not affect the




































Figure 2: Exact and noisy steady-state skin temperature response: a) Clark II and b)
Clark IV lesion size.
As already stated, the objective function has been evaluated numerically using our own
accurate and fast solver [40]. If the numerical accuracy for solving the direct problem
is low, this can lead to a poorly defined objective function which is no longer smooth
and can lead to a local minimum. In this case, it is very hard to use gradient based
optimization algorithms resulting in the need for accurate numerical solvers for obtaining
a smooth objective function.
3.2 Design of Experiment
Design of Experiment (DOE) is a mathematical method for systematically planning and
conducting numerical or measurement experiments by changing the input variables to
obtain the model response. The main objectives are to get the input variable sensitivity
and to obtain the model response [44–46]. This is the main reason why the DOE has
been used in this paper.
There are many DOE techniques to choose appropriate designs for model analysis
like Randomized Complete Block Design (RCBD), Fractional Factorial Design (FFD),
Box-Behnken design, Taguchi design, etc. The DOE is used to obtain an initial design of
experiment to obtain the model response upon which the meta-model or surrogate model






































exact - 210 s
25 mK - 210 s
50 mK - 210 s
exact - 200 s
25 mK - 200 s
50 mK - 200 s
b)
Figure 3: Transient skin temperature response to cooling-rewarming test for Clark II
melanoma size: a) exact temperature time change for healthy skin and center of the



































exact - 210 s
25 mK - 210 s
50 mK - 210 s
exact - 200 s
25 mK - 200 s
50 mK - 200 s
b)
Figure 4: Transient skin temperature response to cooling-rewarming test for Clark IV
melanoma size: a) exact temperature time change for healthy skin and center of the
tumour and b) exact and noisy surface temperature representation for different times.
popular SM in general. Based on the initial model response (initial design of experiment)
or response surface the position of the minimum is obtained from current population
or estimated from the response surface. Based on the initial DOE, new designs can be
added for further evaluation of the model response and to find better designs with lower
value of the objective function. The number of generations can be one or greater than
one depending on the conditions. The DOE is mostly used in engineering problems with
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complex computational models that have high computational cost [45–48]. For better
understanding of the DOE method, figure 5 shows the arbitrary model response using
two input variables (x1 and x2) for two different initial DOE, the full factorial and the
RCBD. As can be seen, the number of designs for the full factorial DOE is much higher
compared to the RCBD, and is therefore computationally more expensive. However, on
the other hand, the accuracy of the response model is better for the whole design space.
Usually, to save computational time, the model is only evaluated at certain points and
then SM models are used to evaluate the response model at non-investigated design space
to find the minimum of the problem. Figure 5 also shows the obtained response surface for
RCBD and evaluated position of the minimum. Comparing the response surface with the
actual model response (full factorial DOE), we can observe that the response surface can
have a good agreement in some regions but cannot find the real position of the minimum.
Therefore, SM models are appropriate to use when the model response is smooth and
monotonic, otherwise the error can be high and a higher number of evaluated designs is
needed. Based on the calculated model response, the optimum is then selected based on










Figure 5: DOE and response for arbitrary model using different techniques: a) full fac-
torial DOE and b) RCBD DOE with SM surface.
Because a high accuracy of the model response is needed the general full factorial
DOE without SM is used in this paper. The SM is an approximation of the numerical
model (figure 5) and can lead to the wrong solution or conclusion, and thus should be
avoided for solving inverse problems. The full factorial DOE using a high number of lev-
els for each parameter has been used to investigate the whole design space and to make
the sensitivity analysis of both inverse problems. The full factorial DOE is the simplest
algorithm for solving optimization problems, however it is rarely used because of the high
computational costs, especially when solving complex systems involving partial differen-
tial equations, and also because data processing can be time consuming. The number
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of levels or subdivisions for each parameter has to be high enough to get appropriate
objective function sensitivities, which leads to a high number of model evaluations and
high computational costs.










∈ [1500, 5100] ,
d [mm] ∈ [0.5, 5.0] ,
h [mm] ∈ [0.1, 1.5] ,
(4)
where the number of levels or subdivisions of individual parameters has been chosen
based on the importance of the resolution. The blood perfusion rate space has been
subdivided by the step ∆ωb = 0.0001s
−1, the metabolic heat generation by the step
size ∆qm = 200W/m
3, the tumour diameter by the step ∆d = 0.1mm and the tumour
thickness by ∆h = 0.05mm. This means that the number of levels for the blood perfusion
rate is 91, for metabolic heat generation 19, for tumour diameter 46 and for thickness
29. This leads to 2, 306, 486 numerical model evaluations for steady-state and the same
amount for transient inverse problems. The full factorial design is rarely used for this
high number of levels or parameters. The number of model evaluations in engineering
problems using FFD DOE is usually between 30 and 150 [45–48], which is much less than
in this study.
Computational time for one design evaluation depends on the numerical model, adopted
solver and CPU, which in our case was on average 116.69s for transient and 8.49s for a
steady-state problem. The CPU used was Intel Xeon E5-2670 at our HPC-Core cluster.
This means that the total computational cost for the full factorial DOE for the transient
inverse problem would be 74, 762.18h and for the steady-state inverse problem 5, 439.46h
if the problems were solved on a single computer. To reduce the total computational time,
design evaluations can be solved independently using parallel computing. We used 100
parallel cores to reduce the total time to 31.15 days for the transient case and 2.26 days
for the steady-state one. As can be seen from this discussion, the total computational
time or cost is not small and, for this reason, full factorial DOE is not an appropriate
method when fast optimization is required. However, the total time can be reduced by
the number of available parallel computers or cores. The main reason for using this ap-
proach is to investigate the design space under exact and noisy measurement data, to
assist the selection of the appropriate deterministic or stochastic optimization technique
for future calculations.
4 Results and discussion
The evaluation of the model response using full factorial DOE has been done for all four
parameters at predetermined points or designs, to obtain the response surface for each
inverse problem. Because of the four parameters, the searched design space is 4D and
can therefore be hard to represent. For this reason, we show the objective function value
(response surface) using 2D slice plots of the 4D space by fixing two parameters, while the
solution to the inverse problems using DOE is gathered in tables. The solutions to the
inverse problems are presented by their three best results, which gave the lowest value of
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the objective function for the searched space. We also investigate both inverse problems
for different scenarios, if it would be easier to estimate the parameters if some of them
are known, especially for steady-state cases under measurement noise. We assume this
will explain some of the problems regarding to the steady-state measurement approach
and how many parameters can be evaluated using it.
The steady-state inverse problem results are initially presented and discussed, followed
by the transient problem results and findings. For better representation of the response
surface and comparison between different problems, the value of the objective function
has been transformed (scaled) by using a scaled logarithmic value in the form
FT =
log(F )− log(min[F ])
log(max[F ])− log(min[F ])
, (5)
where FT represents the transformed value of the objective function, F the value of the
objective function for each DOE design, while arguments min[·] and max[·] represent the
minimum and maximum value, respectively. The minimum and maximum values of the
objective function have been picked from the whole design space for each inverse problem.
The 2D plots also contain a diamond shaped dot representing the position of the exact
solution (exact parameters) for better visual inspection.
4.1 Steady-state results
The metabolic heat generation is investigated first, using steady-state measurement data.
Figure 6 represents the response surface for exact measurement data, correlating the
metabolic heat generation and blood perfusion rate for a Clark II tumour at different
thicknesses and tumour diameter 1.8mm. The dot in the figure represents the exact
solution for a metabolic heat generation of 3700W/m3 and a blood perfusion rate of
0.0063s−1. As can be observed from the figure, the isolines are very straight in the direc-
tion of metabolic heat generation, which indicates low sensitivity. The isolines are also
leaning towards a reduction in blood perfusion rate, which indicates that higher metabolic
heat generation estimation will lead to lower blood perfusion rate detection, which is the
response of the inverse problem. When slicing the 4D design space using the exact value
of tumour thickness 0.45mm, we can observe that we get a band of low objective func-
tions, which coincides with the exact solution. When exploring the space with a different
thickness from the exact one, we can observe a similar behaviour, however with higher
values of the objective function at the position of the exact solution. The analysis of the
objective function showed the same behaviour when looking at the correlation between
the metabolic heat generation and thickness or diameter of the tumour, as well as for the
Clark IV tumour, and is therefore omitted here. We can conclude from this initial study
that the sensitivity of the metabolic heat generation is small and it will be difficult to
estimate its exact value using gradient based optimization techniques, as has been stated
by Çetingül and Herman [26] and Bhowmik and Repaka [39].
Therefore, for our further analyses on blood perfusion, tumour thickness and diameter
we fixed the metabolic heat generation, reducing the 4D solution space to 3D. This
simulates the case when only three parameters are unknown and the metabolic heat
generation is predetermined or already evaluated. Figures 7 and 8 show the response
surface for Clark II and Clark IV tumours using exact measurement data, correlating









































































Figure 6: Response surface of objective function for exact measurement data comparing
metabolic heat generation and blood perfusion rate for Clark II tumour at exact diameter
1.8mm and different tumour thicknesses: a) h = 0.3mm, b) h = 0.45mm, c) h = 0.7mm
and d) h = 0.9mm.
seen from the plots for the exact diameter 1.8mm for Clark II and 2.6mm for Clark
IV, the correlation is strong, because there is a band of low objective function values.
It might seem from figures 7 and 8 that there are several local minima, however this
happens because of the linear interpolation between two adjoint DOE designs, otherwise
the objective function is smooth. To obtain a smoother plot we should increase the level
of each parameter, leading to an even greater number of model evaluations. The only
difference that can be observed between Clark II and Clark IV tumours is the value of
the objective function gradient near the exact solution, which is greater for Clark IV than
from Clark II, as can be seen in figures 7 and 8. A similar behaviour of the objective
function is found between the blood perfusion and tumour diameter for constant tumour
thickness, and is thus omitted here. As can be concluded from the analysis made on
the response surface the correlation between the tumour diameter, thickness and blood
15




































































Figure 7: Response surface of objective function for exact measurement data comparing
tumour thickness and blood perfusion rate for Clark II tumour at metabolic heat gener-
ation 3700W/m3 and different diameters: a) d = 1.5mm, b) d = 1.8mm, c) d = 2.2mm
and d) d = 3.5mm.
For this reason, table 2 shows the obtained results for the steady-state inverse problem
using exact measurement data under known or estimated value of metabolic heat gener-
ation. Table 2 shows the three best solutions obtained by the DOE with corresponding
values of the objective function. For exact data, the most obvious result is the retrieval
of the exact solution with objective function zero. However, we can observe that the next
best solutions having values of the objective function close to zero are far away from the
exact solution for Clark II size, while they are much closer for Clark IV. This indicates





































































Figure 8: Response surface of objective function for exact measurement data comparing
tumour thickness and blood perfusion rate for Clark IV tumour at metabolic heat gener-
ation 3700W/m3 and different diameters: a) d = 2.3mm, b) d = 2.6mm, c) d = 3.0mm
and d) d = 4.5mm.
three parameters simultaneously due to the measurement noise. In the case when we
do not know the exact value of the metabolic heat generation, as shown in table 3 for
qm = 4500W/m
3, the deviation between the estimated solution and the exact solution
is inside a reasonable range. As can be seen, the solution oscillates around the exact
solution.
Under a low level of measurement noise the objective function minimum is shifted, as
can be seen from figures 9 and 10 for Clark II and Clark IV, respectively. We can observe
that the region is further away from the exact solution for Clark II than for Clark IV.
The deviation from the exact solution is even larger for the 50mK noise. Tables 4 and
5 show the obtained inverse solutions using measurement data with 25mK and 50mK
17
Clark II Clark IV
ωb[s
−1] h[mm] d[mm] F [−] ωb[s−1] h[mm] d[mm] F [−]
Exact 0.0063 0.45 1.8 - 0.0063 1.35 2.6 -
Steady-state 0.0063 0.45 1.8 0.0 0.0063 1.35 2.6 0.0
0.0100 0.30 1.8 0.1107E-6 0.0067 1.30 2.6 0.7262E-6
0.0084 0.35 1.8 0.1222E-6 0.0059 1.40 2.6 0.2112E-5
Transient 0.0063 0.45 1.8 0.0 0.0063 1.35 2.6 0.0
0.0057 0.50 1.8 0.5093E-2 0.0065 1.35 2.5 0.8958E-1
0.0067 0.40 1.9 0.8232E-2 0.0061 1.35 2.7 0.1082
Table 2: Solution of the steady-state and transient inverse problem using exact measure-
ment data and estimated metabolic heat generation 3700W/m3.
Clark II Clark IV
ωb[s
−1] h[mm] d[mm] F [−] ωb[s−1] h[mm] d[mm] F [−]
Exact 0.0063 0.45 1.8 - 0.0063 1.35 2.6 -
Steady-state 0.0069 0.40 1.8 0.4688E-8 0.0055 1.40 2.6 0.5463E-6
0.0046 0.55 1.8 0.1889E-7 0.0055 1.35 2.7 0.3043E-5
0.0041 0.60 1.8 0.2589E-7 0.0071 1.25 2.5 0.3707E-5
Transient 0.0070 0.40 1.8 0.17342E-2 0.0063 1.35 2.6 0.8604E-1
0.0063 0.45 1.8 0.75564E-2 0.0065 1.35 2.5 0.13867
0.0066 0.45 1.7 0.96874E-2 0.0061 1.40 2.6 0.17127
Table 3: Solution of the steady-state and transient inverse problem using exact measure-
ment data and estimated metabolic heat generation 4500W/m3 .
noise, respectively, for known value of metabolic heat generation. As can be seen, under
noisy steady-state measurement data the estimation of parameters is only possible for
Clark IV and low level noise.
Clark II Clark IV
ωb[s
−1] h[mm] d[mm] F [−] ωb[s−1] h[mm] d[mm] F [−]
Exact 0.0063 0.45 1.8 - 0.0063 1.35 2.6 -
Steady-state 0.0010 1.10 1.8 0.27075E-2 0.0066 1.30 2.7 0.33818E-2
0.0010 1.15 1.7 0.27129E-2 0.0059 1.40 2.7 0.33826E-2
0.0010 1.05 1.9 0.27133E-2 0.0070 1.30 2.6 0.33832E-2
Transient 0.0063 0.45 1.8 0.19128E+1 0.0063 1.35 2.6 0.18577E+1
0.0057 0.50 1.8 0.19178E+1 0.0065 1.35 2.5 0.19521E+1
0.0060 0.50 1.7 0.19220E+1 0.0061 1.35 2.7 0.19621E+1
Table 4: Solution of the steady-state and transient inverse problem using measurement
data with 25mK noise and known metabolic heat generation.
Because the diameter of a pigmented melanoma can be measured easily, let us now





































































Figure 9: Response surface of objective function for 25mK noise comparing tumour
thickness and blood perfusion rate for Clark II tumour and metabolic heat generation
3700W/m3 for different diameters: a) d = 1.5mm, b) d = 1.8mm, c) d = 2.2mm and d)
d = 3.5mm.
ing these two parameters, we can try to estimate the tumour blood perfusion rate and
thickness using static thermography. Tables 6 and 7 show the solution of the steady-state
inverse problem for low and high levels of noise. The level of noise compared to the tem-
perature difference between the healthy tissue and the skin tumour under steady-state
conditions (Figure 2) seems to be too high even for estimating only two parameters for
Clark II size. However, it is possible to estimate the blood perfusion rate and tumour
thickness for Clark IV under low measurement noise. For high level of noise the estimation
is no longer possible.
We can conclude that it is difficult to estimate several parameters of the tumour





































































Figure 10: Response surface of objective function for 25mK noise comparing tumour
thickness and blood perfusion rate for Clark IV tumour and metabolic heat generation
3700W/m3 for different diameters: a) d = 2.3mm, b) d = 2.6mm, c) d = 3.0mm and d)
d = 4.5mm.
the diameter, thickness and blood perfusion of the tumour under exact measurement data
knowing the metabolic heat generation. However, when we are dealing with measurement
noise, which is always present, then the parameters for early stage tumours cannot be
retrieved anymore. The parameters can be estimated only for later tumour stages like
20
Clark II Clark IV
ωb[s
−1] h[mm] d[mm] F [−] ωb[s−1] h[mm] d[mm] F [−]
Exact 0.0063 0.45 1.8 - 0.0063 1.35 2.6 -
Steady-state 0.0094 0.80 0.7 0.13126E-1 0.031 1.50 3.1 0.94896E-2
0.0087 0.85 0.7 0.13127E-1 0.0029 1.50 3.2 0.94950E-2
0.0098 0.60 0.9 0.13128E-1 0.0030 1.50 3.1 0.95092E-2
Transient 0.0063 0.45 1.8 0.75062E+1 0.0063 1.35 2.6 0.75266E+1
0.0057 0.50 1.8 0.75102E+1 0.0065 1.35 2.5 0.76089E+1
0.0067 0.40 1.9 0.75139E+1 0.0061 1.35 2.7 0.76478E+1
Table 5: Solution of the steady-state and transient inverse problem using measurement
data with 50mK noise and known metabolic heat generation.
Clark II Clark IV
ωb[s
−1] h[mm] F [−] ωb[s−1] h[mm] F [−]
Exact 0.0063 0.45 - 0.0063 1.35 -
Steady-state 0.0010 1.10 0.27075E-2 0.0070 1.30 0.33832E-2
0.0010 1.05 0.28033E-2 0.0066 1.35 0.33842E-2
0.0010 1.00 0.30078E-2 0.0063 1.35 0.33877E-2
Transient 0.0063 0.45 0.19128E+1 0.0063 1.35 0.18577E+1
0.0057 0.50 0.19178E+1 0.0061 1.40 0.20880E+1
0.0052 0.55 0.19349E+1 0.0060 1.45 0.24232E+1
Table 6: Solution of the steady-state and transient inverse problem for known metabolic
heat generation and tumour diameter using measurement data with 25mK noise.
Clark II Clark IV
ωb[s
−1] h[mm] F [−] ωb[s−1] h[mm] F [−]
Exact 0.0063 0.45 - 0.0063 1.35 -
Steady-state 0.0094 0.30 0.13275E-1 0.047 1.45 0.95968E-2
0.0094 0.30 0.13246E-1 0.0044 1.50 0.95974E-2
0.0078 0.35 0.13247E-1 0.0043 1.50 0.90530E-2
Transient 0.0063 0.45 0.75061E+1 0.0063 1.35 0.75266E+1
0.0057 0.50 0.75102E+1 0.0061 1.40 0.77692E+1
0.0052 0.55 0.75258E+1 0.0060 1.45 0.80819E+1
Table 7: Solution of the steady-state and transient inverse problem for known metabolic
heat generation and tumour diameter using measurement data with 50mK noise.
Clark IV under low measurement noise.
4.2 Transient results
Similar to the steady-state inverse problem, the sensitivity of the metabolic heat gener-
ation is small and it will be difficult to estimate it. The response surface using exact
21
measurement data according to a constant diameter and several different tumour thick-
nesses, comparing metabolic heat generation and blood perfusion rate, can be seen in








































































Figure 11: Response surface of objective function for exact measurement data comparing
metabolic heat generation and blood perfusion for Clark II tumour at exact diameter
1.8mm and different tumour thicknesses: a) h = 0.3mm, b) h = 0.45mm, c) h = 0.7mm
and d) h = 0.9mm.
Therefore, for our further inverse analyses, we will be focusing on evaluation and
sensitivity of the other three parameters, fixing the metabolic heat generation. Figure
12 shows the response surface of the objective function for exact measurement data
correlating the blood perfusion rate and tumour thickness for several different diameters
at exact metabolic heat generation for Clark II size, while figure 13 shows the same
correlation for Clark IV size. As can be seen from both figures, the correlation between
these three parameters is much stronger compared to the steady-state problem (figures 7
and 8). In the transient inverse problem, there is no distinct band of low objective function
values that would indicate multiple solutions. The plot for the exact tumour diameter
22
shows a distinctive location of the global minimum, which is even better expressed for the
Clark IV tumour, unfortunately covered with the dot, which represents the exact solution.
From the higher parameter sensitivity, we can conclude that all three parameters can be
estimated more easily, and also that measurement noise would not have a large influence
on the solution. Table 2 shows the three best obtained solutions using transient inverse
problem with corresponding value of the objective function for exact measurement data.
We can observe that the estimated parameters for Clark II and Clark IV are still within
a satisfactory range of accuracy, and that the best solution coincides with the exact one.
We were able to find the exact solution as for the steady-state case, while the other best
solutions for Clark II are much closer to the exact one using transient measurement data
compared to the steady-state one. However, if we do not know the exact metabolic heat
generation, we can still estimate all three parameters quite accurately, as can be seen
in table 3. We should state here that the minimum value of the objective function is
different between the steady-state and transient cases and cannot be compared, because
of the different number of measurement data as already discussed.
Under noisy measurement data, figure 14 shows the response surface for a Clark II
tumour, using 25mK noise, correlating blood perfusion rate and tumour thickness for
known metabolic heat generation, while figure 15 shows the same for Clark IV. From
both figures, we can observe the region of low objective function values corresponding
to the exact solution, especially for the exact tumour diameter. This region is larger
for the smaller tumour size, which indicates that we can obtain multiple solutions with
similar values of the objective function. If the estimated blood perfusion is lower then the
estimated thickness will be higher. However, the region for Clark IV is small indicating
that parameters can be estimated more easily. With the increase of noise, these regions
become wider but still close to the exact solution as can be seen in figures 16 and 17 for
Clark II and Clark IV, respectively. Tables 4 and 5 show the obtained solutions for noisy
measurement data. We can observe that it is possible to estimate the exact solutions for
Clark II and Clark IV test cases, even for high noise level. The best solution is the same
as the exact one, while the other two best solutions are near. This shows the advantage of
the transient over the steady-state measurement approach. Similar results are found for
the case when the metabolic heat generation and tumour diameter are known. For this
situation, we can obtain the exact solution for blood perfusion rate and tumour thickness
for both test cases under low and high levels of measurement noise, as can be seen from
tables 6 and 7.
Table 8 shows the best obtained solutions for the transient inverse problem under noisy
measurement data when the metabolic heat generation is predetermined or estimated. As
we can observe, the value of the metabolic heat generation does not have a great impact
on the other estimated parameters, regardless of noise and especially for the Clark IV
tumour size. This means that blood perfusion rate, the diameter and the thickness of
the tumour could be easily obtained even if the metabolic heat generation is not known
exactly.
Table 9 shows the best obtained solutions by DOE for steady-state and transient
inverse problems in the investigated space for noisy measurement data not imposing
any constraints. This represents the feasibility of estimating all four parameters for
Clark II and Clark IV tumours using static or dynamic thermography. As can be seen
from table 9, the static measurements can only estimate Clark IV tumour parameters





































































Figure 12: Response surface of objective function for exact measurement data compar-
ing blood perfusion rate and tumour thickness for Clark II tumour at metabolic heat
generation qm = 3700W/m
3 and different diameters: a) d = 1.5mm, b) d = 1.8mm, c)
d = 2.2mm and d) d = 3.5mm.
measurement technique, it is possible to estimate all four parameters for Clark II and
Clark IV tumours, regardless of noise. This clearly demonstrates the superior efficiency
of dynamic measurements over static ones. Despite the low sensitivity of the metabolic
heat generation, it is still possible to determine this parameter under noisy measurement
data. This is also visible from table 8, where we can observe the minimum values of the




































































Figure 13: Response surface of objective function for exact measurement data compar-
ing blood perfusion rate and tumour thickness for Clark IV tumour at metabolic heat
generation qm = 3700W/m
3 and different diameters: a) d = 2.3mm, b) d = 2.6mm, c)
d = 3.0mm and d) d = 4.5mm.
5 Conclusion
This paper discusses numerical techniques for two different inverse bioheat problems,
to estimate skin tumour parameters. The first uses steady-state skin temperature mea-
surements reflecting static thermography, while the second one employs transient mea-
surements used in dynamic thermography. The aim is to investigate which of these two
approaches is more suitable for detecting skin tumour in its early stage, and also to con-
tribute to the development of new non-invasive diagnostic techniques using IR imaging.
The most important skin tumour parameter for dermatologists is the tumour thick-
ness, which reflects the stage and progression of the tumour. However, in this paper, we





































































Figure 14: Response surface of objective function for measurement data with 25mK noise
comparing blood perfusion rate and tumour thickness for Clark II tumour at metabolic
heat generation qm = 3700W/m
3 and different diameters: a) d = 1.5mm, b) d = 1.8mm,
c) d = 2.2mm and d) d = 3.5mm.
metabolic heat generation. The last two parameters could reflect the speed of tumour
progression. To estimate tumour parameters based on the measured skin surface tem-
perature, we have to solve an inverse problem, which is based on the numerical bioheat
model. For this step we used a numerical model based on Pennes bioheat equation and
a multilayer tissue composed of several different layers and tumour considering constant
material properties. For now, we neglect some of the mechanisms like temperature change
of thermal properties and blood perfusion rate in the cooling-rewarming process, which
would be difficult to model mathematically and hard to validate. With the proposed
numerical model, we can still evaluate the tumour parameters, however in an average




































































Figure 15: Response surface of objective function for measurement data with 25mK noise
comparing blood perfusion rate and tumour thickness for Clark IV tumour at metabolic
heat generation qm = 3700W/m
3 and different diameters: a) d = 2.3mm, b) d = 2.6mm,
c) d = 3.0mm and d) d = 4.5mm.
and the measurement noise. To test the inverse problems we generated two test examples
which differ in tumour size (Clark II and Clark IV), which have been used to numerically
generate the measurement data with and without noise. For inverse problem solving, the
general full factorial DOE approach has been used which was helpful in making the anal-
ysis of the solution space and to observe the response surface of the objective function.
For this 2, 306, 486 simulations were made for each inverse problem.
The results shows that all four parameters could be determined simultaneously under
noisy measurement data only for the transient inverse problem, which shows an advantage
over the steady-state measurement. The analyses of the design space show that the





































































Figure 16: Response surface of objective function for measurement data with 50mK noise
comparing blood perfusion rate and tumour thickness for Clark II tumour at metabolic
heat generation qm = 3700W/m
3 and different diameters: a) d = 1.5mm, b) d = 1.8mm,
c) d = 2.2mm and d) d = 3.5mm.
using gradient based optimization, especially for noisy measurement data. However, fixing
or estimating the metabolic heat generation showed that the other three parameters are
well correlated with higher sensitivity, which shows the possibility of estimating all three
parameters even for the steady-state case. Unfortunately, for steady-state measurement
data, this can be done only for exact data or low level of noise and advanced tumour.
The temperature difference between the healthy tissue and early tumour stage under
steady-state conditions is very small, and the measurement error overrides this difference
making the estimation of parameters very hard, even when fixing the metabolic heat
generation and diameter of the tumor. However, using a cooling-rewarming technique,





































































Figure 17: Response surface of objective function for measurement data with 50mK noise
comparing blood perfusion rate and tumour thickness for Clark IV tumour at metabolic
heat generation qm = 3700W/m
3 and different diameters: a) d = 2.3mm, b) d = 2.6mm,
c) d = 3.0mm and d) d = 4.5mm.
even for high level of noise. The results and analysis showed that the dynamic technique
is superior to the static thermography, and that it is possible to detect the tumour in its
early stage.
The analysis of both inverse problems also showed that the objective function is
smooth and thus gradient optimization algorithms (such as the Levenberg-Marquardt
method) can be used for identification of tumour diameter, thickness and blood perfusion,
to speed up the computational time. However, due to the low sensitivity of the metabolic
heat generation, it is advised to use a stochastic optimization technique like GA or DOE.
Because of the smooth model response it would be also possible to use SM on the RCBD
DOE, which would speed up the optimization process and make the algorithm more
29
Clark II Clark IV
ωb[s
−1] h[mm] d[mm] F [−] ωb[s−1] h[mm] d[mm] F [−]
Exact 0.0063 0.45 1.8 - 0.0063 1.35 2.6 -
qm[W/m
3] 25mK noise 25mK noise
2700 0.0051 0.60 1.7 0.19216E+1 0.0063 1.35 2.6 0.19952E+1
3700 0.0063 0.45 1.8 0.19128E+1 0.0063 1.35 2.6 0.18577E+1
4500 0.0070 0.40 1.8 0.19142E+1 0.0064 1.35 2.6 0.19414E+1
qm[W/m
3] 50mK noise 50mK noise
2700 0.0063 0.45 1.8 0.75122E+1 0.0063 1.35 2.6 0.76695E+1
3700 0.0063 0.45 1.8 0.75062E+1 0.0063 1.35 2.6 0.75266E+1
4500 0.0070 0.40 1.8 0.75089E+1 0.0063 1.35 2.6 0.76059E+1
Table 8: Solution of the transient inverse problem for different metabolic heat generation
values using noisy measurement data.
Clark II Clark IV
ωb[s
−1] qm[W/m
3] h[mm] d[mm] ωb[s
−1] qm[W/m
3] h[mm] d[mm]
Exact 0.0063 3700 0.45 1.8 0.0063 3700 1.35 2.6
Steady-state
25mK 0.0010 1500 1.20 2.0 0.0062 4500 1.30 2.7
50mK 0.0010 5100 0.55 0.9 0.0032 3500 1.50 3.1
Transient
25mK 0.0063 3700 0.45 1.8 0.0063 3700 1.35 2.6
50mK 0.0063 3500 0.45 1.8 0.0063 3700 1.35 2.6
Table 9: Solution of the steady-state and transient inverse problem for all four parameters
using noisy measurement data.
acceptable for practical implementation. The full factorial DOE used in this paper is
only attractive from the research point of view because of the obtained model sensitivity
and the design space investigation in exchange to high computational costs.
This paper demonstrates that it is possible to detect several tumour parameters using
a dynamic approach, which is important for the development of new diagnostic tools and
also for the monitoring of the progression of the disease. However, for clinical implemen-
tation, it is important that the method is accurate and fast. The numerical model based
upon which the parameters are evaluated should be mimicking the thermal and patholog-
ical behaviour of the skin tumour and surrounding tissue as realistically as possible. In
future, we plan to develop a more appropriate 3D numerical model that would include the
temperature variation of the blood perfusion rate, which is in our opinion the most im-
portant mechanism here. We will also be testing several different optimization algorithms
to speed up the computational time, and will also focus on the boundary conditions for
the model and their influence on the accuracy of the estimated parameters. There are
also other practical obstacles, for example how to assure the constant temperature of the
skin during the cooling process or how to evaluate the amount of cold applied to the skin.
For this reason, this paper represents the base for further investigation and research of
30
dynamic thermography for early skin cancer detection.
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